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Apostol-Bernoulli numbers and Changhee numbers, the Daechee numbers, the Lucas numbers
Apostol-Bernoulli polynomials and the Humbert polynomials.
Apostol-Euler numbers and © 2017 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries

In this paper, we are motivated to consider an interesting new family of polynomials
Y., (x; A) given by the following generating function:

F(t,z,\) = % ZY (z; A) (1)

which were recently introduced and investigated by Simsek (see [30]) by using a new
family of special numbers Y, , (), ¢) attached to a Dirichlet character x. When ¢ — 1
and x = 1, the numbers Y, , (X, q) reduce to the following generating function for the
numbers Y, (A\):
oo tn
F(t, A ok 2
N = g1 = L @)

n=0

We observe that (cf. [30])

By using the generating function in (1), a few values of the polynomials Y, (x; \) are
given as follows:

2 2A 2)\2
Yo(z; \) = —— Yi(z:\) = _
O(m7 ) A_17 1(x’ ) )\_lx (A71)2,
2)2 A3 —2)2 4\*
Va@id) = o g2 m X2 A
A—1 A—1) (A—1)
203 5 1201 —6A3 5, 22M° — 14Nt + 403 12)°

Ya(z; M) =

S G WD T

and so on. Thus, clearly a few values of the numbers Y,, (\) are given by (cf. [30])
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2 2)\2 4\
Yo(A) = 3+, Yl()‘):_()_lf’ 2(A) = TR
126 48)8
Y3(/\):_()\_1>4’ 4()‘):()\_1)5’

and so on.

As stated by Simsek [30], there exist some significant combinatorial identities which
are essentially associated with the numbers Y,, (\), the polynomials Y,, (z; \) and several
other special numbers and polynomials including the Apostol type numbers and poly-
nomials, the Stirling numbers, the Cauchy numbers and the Bernoulli numbers of the
second kind. Recently, by using differential equations derivable from the generating func-
tion of Changhee polynomials, Kim et al. [16] obtained several identities and formulas
related to Changhee polynomials. By using similar method and technique, we give some
PDEs for the generating functions for the numbers Y,, (\) and the polynomials Y, (x; \)
with respect to the variables x and ¢ as well as the parameter A\. Moreover, by using
some techniques involving the generating functions, functional equations, partial differ-
ential equations, we investigate the various fundamental properties of the generating
functions for the numbers Y,, (A\) and the polynomials Y, (z; A). By using Apostol type
numbers, the Stirling numbers of the first kind, the Cauchy numbers and the Hurwitz—
Lerch zeta function, we also derive several identities and relations associated with the
numbers Y, (A) and the polynomials Y,,(z; A). In addition to the PDEs of the generating
functions for these numbers and polynomials, we give integral expressions for both the
numbers Y, (A) and the polynomials Y;,(z; ) in terms of the Gauss hypergeometric func-
tion. Furthermore, we investigate infinite series representations of not only the ratios of
the numbers Y;, (), the Changhee numbers, the Dachee numbers to one another, but
also inverses of the numbers Y;, (A). We give some formulas for these infinite series and
we obtain relations between these infinite series and the Humbert polynomials and the
Lucas numbers.

In our present investigation, we need the following definitions, notations, and other
preliminaries. Throughout this paper, we write

N={1,2,3,---} and No =Nu {0}
and denote by Z, R and C the set of integers, the set of real numbers and the set of

complex numbers, respectively. We also assume tacitly that (c¢f. [1-35,39]; see also the
references cited therein)

Moreover, for A € C and n € Ny, we have
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G e ()-4

where (\), is the falling factorial defined by

A, =A2A=-1)A=2)---(A=n+1) (AeC; neN)
and
(M) =1 (AeC).
On the other hand, the rising factorial ()\)(") is defined similarly by
W™ =AA+1)(A+2)---(A+n—1) (AeC;neN)

and

Clearly, we have
()\)(”) _ (_1)” (_)\)n ()\ eC;ne No). (3)

The Daehee polynomials D,, (z) defined by the following generating function (cf. [12
29,31]):

z - t
Fp (z,t) = (1+)" Fp(t) =Y Dn(x) — (4)
n=0
and the corresponding Daehee numbers D,, = D,, (0) are given by
log (1 —|— t)
Fo (1) = Fp(0,1) = 20D Z D, (5)

By using (5), we get the following explicit formula for the Daehee numbers D,, (cf. [7,
12]):

D, — (—1)nn!'
n—+1

The Peters polynomials s (x; A, i), which are a member of the family of the Sheffer
polynomials, are given by the following generating functions (cf. [10,13,27]):

D" N~y o b
[+ nz:‘; T
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which, in the special case when A = pu = 1, reduces immediately to the Changhee
polynomials Ch,, (x) defined by the following generating function (cf. [14,15]):

Fou (e,6) = (14 1)" Fo (t) = 3 Chy (a) oo, (6)
n=0 ’

which, for x = 0, yields the Changhee numbers Ch,, which is defined by means of the
following generating function (cf. [14,15]). By using (7):

o0

2 t"
Fen (t) = T2 ZChn o (7)

n=0

The explicit formula for the Changhee numbers Ch,, is given by (cf. [15])

(—=1)"n!

Chy, =

Our results are also associated with many other well-known numbers and well-known
polynomials, which are recalled below along with their generating functions.

The Apostol-Bernoulli polynomials B,,(x; A) are defined by the following generating
function (see [1,32]):

temt > tn
7= 2 Bl (8)
n=0
ANeC; |t <2mr when A=1; |t| <|logA] when A#1;).

For 2 = 0, these polynomials are reduced to the Apostol-Bernoulli numbers B,,(A) which
are given by the following generating function (c¢f. [1,21,33,36,38]):

=Y B L )

n=0

Also, in their special case when A = 1, the Apostol-Bernoulli numbers 5,,(\) are reduced
to the classical Bernoulli numbers B,, (cf. [1-36]; see also the references cited therein):

By using the above generating functions for the Apostol-Bernoulli numbers B,,())
and the Apostol-Bernoulli polynomials B, (x;A) together with the method of umbral
calculus convention, a few of these numbers and polynomials are computed as follows
(¢f. [1-36]; see also the related references cited therein):

1 B 2\ 3+
o BW=nT B =T

BO(A):Ov 81()‘): ()\71)2,
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and
1 1 2
Bo(234) =0, Bi(2;A) = 1—7 32(35’)\)_)\—1:177(/\—1)27
3 6 BAA+1)
B3 (z;)) = —— 2% — z+ v
3(@A) =373 (A—1)° (A-1)°

The Apostol-Euler polynomials &, (x; \) are given by the following generating function
(cf [5,11,25,33,35,38]; see also the related references cited therein):

Qe:ct > tn
m = Zé'n(:v; )\) ﬁ (10)
n=0
(ANeC; || < when A=1; |t| <|ln(=A)|] when AX#1).

In the special case when x = 0, these polynomials are reduced to the Apostol-Euler
numbers &, (A):

En(A) = En (05 N),

which are given by the following generating function:
2 - tn
— = En(A) —.

Aet +1 Z () n!

n=0

Moreover, for A = 1, the Apostol-Euler polynomials &,(x; ) are reduced to the classi-
cal Euler polynomials of the first kind (c¢f. [6-36]; see also the related references cited
therein):

E, (x) =&, (x;1). (11)

The classical Euler numbers E,, of the first kind are defined by the following generating

function:
2 = "
= E, — t| < ).
By (<

In particular, for A = 1, we have (cf. [6-36]; see also the related references cited therein)
E,=¢&,(1). (12)

By using the above generating functions for the Apostol-Euler polynomials &, (x; )
and the Apostol-Euler numbers &, () together with the method of umbral calculus
convention, a few of these numbers are computed as follows (c¢f. [6-36]; see also the
related references cited therein):
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2 o 2) _22(A-1)
50(>‘)* >\+1a 51()‘)* (>\+1)2a 52()‘) ()\+1)3 )
2 _

For several finite sums involving the interpolation functions of the Bernoulli and Eu-
ler polynomials, and for several identities, relations and formulas associated with the
classical Bernoulli and Euler polynomials, the reader should consult [32].

The Stirling numbers S (n, k) of the first kind are defined by the following generating
function:

n

(z), =>_ Si(n,k)a" (13)

k=0

or, equivalently, by (cf. [2,26,28,35,36]; see also the references cited therein)

e n k
2_;51(””“) %:w.

The Bernoulli numbers b, (0) of the second kind, which are also called the Cauchy
numbers, are defined by means of the following generating function (¢f. [27, p. 116]):

o)

Fo(t) = m = n;obn (0) ;—T: (14)

The numbers b, (0) are calculated by the following formula (cf. [27, pp. 113-117]):

bn (0) = /I(Jf)n dz,

so that a few of the Cauchy numbers b,, (0) are given by (cf. [17,26] and [27, pp. 113-117];
see also the references cited therein)

bo(0) =1, 0(0) = 5, ba(0) =

The Humbert polynomials H%)‘y)n (x) were defined by Humbert [9] by means of the

following generating function (cf. [9], [37, p. 86, Eq. 1.11 (26)], [24]):
(L= mat +7) 7 = 3T, (2) £,
n=0

The recurrence relation for these polynomials is given as follows (cf. [6,23]; see also the
references cited therein):
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(n+ DY, (@) = ma (n+ NI, (2) = (n+mA—m+ DILY, L () = 0.
The generalized Humbert polynomials P, (m,z,y,p,C) are defined by the following
generating function (cf. [6,8,23,24]; see also [37, p. 86, Eq. 1.11 (29)]):

(C — mat +ytm)p = an(max,yapv C)tn?
n=0

so that, clearly, we have

Py(m,z,1,-X1) =1 ().

We summarize the presentation of our results as follows. In Section 2 and Section 3, by
using some general techniques involving the partial differential equations of the function
F (t,x, \) with respect to z, t and A, we first derive several identities, functional equations
and recurrence relations associated with the numbers Y,, (), the polynomials Y, (z; A),
the Daehee numbers and polynomials, and the Changhee numbers and polynomials. In
Section 3, we make use of these derivative formulas in order to derive some identities
involving the Stirling numbers of the first kind and the Cauchy numbers. In Section 4,
we give further identities and relations associated with the numbers Y;, (\) together with
the Hurwitz—Lerch zeta function, the Apostol-Bernoulli numbers, and the Apostol-Euler
numbers. Furthermore, we give some hypergeometric function representation for the
integral of the numbers Y, () and the polynomials Y;,(z; \). We also give some infinite
series representation including the numbers Y, (), the Daehee numbers, the Changhee
numbers, the Lucas numbers, and the Humbert polynomials. Finally, in Section 5, we
present a number of concluding remarks and observations.

2. Partial derivatives of the generating function F (¢, x, \)

This section deals with new functional equations related to the polynomials Y, (x; )
and the differential equations associated with their generating functions.

Differentiating both side of (1) with respect to ¢, we get the following partial differ-
ential equation:

0 A b
E{F (t,x,\)} = F (t,z,\) (1 svin 7F(t,/\)> . (15)

Combining (1) and (2) with the partial differential equation in (15), we find for |At| < 1
that
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oo o

tTL
ZYnH(aj A) — —)\acz ZY (3 A)
n=0 n=0
)\2 > tn s tn
— 52 () =) YalmA) —
2 n! n!
n=0 n=0

By using the Cauchy product in the above equation, we have

o0

n o y\\n—k
ZYnH (3 \) ——AJ:Z(Z%Yk(@“;/\))t"
0 \k=0 ’
ii()ka)\Y k(N %n'

n=0 k=0

Comparing the coefficients of % on both sides of the above equation, we arrive at the
following result.

Theorem 1. It is asserted that

n

Yo <x;A>—§]§(k)Yk (@:3) [2 (1" F X (- ) - 22, ()]

Corollary 1. The following assertion holds true:
Vgt (23 0) Z( >ka/\
k=0

2 n—k+1
. [(_1)nk )\Tz—k+1x (n _ k)' _ 2n—k (/\)\ 1) Ch"};| .

Proof. By using (2), we define the following functional equation:

2?2 /\2 2)2

Combining (16) with equation (15), we find for |At| < 1 that

n

> t
ZYHH(x;)\) E_ZY (x; M)
n=0 :
> n A2 222 \" tm
)\x;(—)\t) _A_1;<A_1> Chnﬂ.

After some elementary calculations with the Cauchy product, we obtain




126 H.M. Srivastava et al. / Journal of Number Theory 181 (2017) 117-146

o0 n oo n _ n—=k
Z{)Ynﬂ (73 7) % =Xy (Z % Y (3 A)) t"

n=0 \k=0

_ i [zn: <Z>Yk (23 0)2"F <AA_21>HM Chnk] g

n=0 Lk=0

tn
Comparing the coefficients of — on both sides of the above equation, we arrive at the
n!

desired result. 0O

Theorem 2. Let v € Ng. Then

oY Y ; _y -
a0 L (G2, )} = l (=1 (v); (), _; A" (1 + At)’
=0
St =D F (N, (17)
Proof. We observe that
%{F (ta, )} = A +1) e — A2 (A2t + A — 1)‘1} F(t,z,)\). (18)

Therefore, by iterating the above derivation for the variable t, the proof of Theorem 2
is completed. O

By using (1) and (17), we get

v & tn
@{F (t,z,A\)} = ZOYn—H) (z; ) ol (19)
We now set
1 = k(v—j—i—k—l) Kok
_— = -1 ANt 20
(14 M) ,;)( ) k (20)
o'} . k
9 N 1 k(I k—1 A2t
(A2t 4+ A —1) 7()\—1)3'2( 1) . 1 (21)
k=0
and
1 1 1 , tk
= 7 ch (]anA) E7 (22)

LT+M)"7 (N2t + A1) (-1 &=

where
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k

K (4,0, A) = Z ( )v—j+k—1)m(j+k—1)km

=0

)\Qkfm
()\ . 1)k7m

Substituting from (19), (20), (21) and (22) into (17) and using the Cauchy product, we
obtain

oo o v

> Var ) 5= 3 [ 17 0, (00,3 (527)

! A—1
n=0 n=0 | j=0

i( )Ck(Jav A) Yo (3 A)] %n'

k=0
tTL
Comparing the coefficients of — on both sides of this last equation, we arrive at the
n!
following theorem:
Theorem 3. Let v € Ny. Then
v )\ J
Vara 02 = 00, @0y ¥ (525
§=0
n n '
3 ( k) Ch (0, A) Yai (33 0) (23)
k=0
where
k )\Qk—m
LGN = Y 0 (B ) 0k, G b D
m=0 (/\ — 1)
Now, since
v—g
(‘r)vszz‘gl (U_j7l)xla (24)
1=0

upon setting n = v — j in (13) and combining the resulting equation with (23), we get
the following corollary.

Corollary 2. Let v € Ny. Then
Y l
Yoso (230) =) (v); A" (‘ﬁ) > Siw—jha
1=

i( )Ck (G, v, N) Yog (23 X)

k=0
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Additionally, it can be found that

g{F (t,z,\)} = F(t,x,\)log (At + 1). (25)
x
Thus, clearly, we have
1 o 0 " - tn
e S I, @) = =S V(@A)
log (At + 1) ; 83:{ (23 2)} n! 7; (23) n!

By using the equation (14), we obtain

Z [Z <Z> %{Yk (z; \)INFb, 4 (0)] g = Z AnY, 1 (x; ) Z_T:
n=0 Lk=0 | o !

t’ﬂ
Comparing the coefficients of — on both sides of the above equation, we arrive at the
n!

following result.

Theorem 4. Let n € N. Then

Va0 = 30 3 () o 0 (5 A #5001, 0),

k=0

3. Identities related to the PDEs for the generating function F' (¢, x, \)

In this section, we give obtain partial derivative equations including the functions
F (t,xz,\); with respect to z, t and A. By using these equations, we derive some new
partial derivative formulas for the polynomials Y;, (z; A). We also give recurrence relations
for these polynomials.

Differentiating both side of (18) with respect to x, we get the following partial differ-
ential equation:

82
0xOt

{F(t,z,\)} = [A(At +1) 'zlog (M4 1) — A2(A2t+ A — 1)‘1 log (Mt +1)
+ A\t + 1)_1}F(t,x,)\). (26)

On the other hand, if we differentiate both sides of the equation (18) with respect to A,
we also get the following partial differential equation:
82

M{F (t,z, )}

— MM+ D) @D e+ M) e = M+ ) T (VA=) e
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AN DTt A —1) T @M+ Dz — 22 (VA - 1)

FO (Nt +A—1) M+ 1) |F (2, )). (27)

If we differentiate both sides of the equation (25) with respect to A, we also get the
following partial differential equation:

82
m{F(tax, A}

= [mt()\t + 1) Mog (M +1) — (2 +1) (W2 4+ A — 1)’1 log (At + 1)

+ (Mt + 1)‘1} F(t,z,\). (28)

It is time now to give our (presumably new) formulas by using the above partial
differential equations.

Theorem 5. It is asserted that

Sy AT
(n+2), Ordz "2
ZZ Ik )\nflJrkJrl ( )
=z e (I N C 2D\
= (k+1)({—-k)!
n ! An—i+1
)\ZZ ( >mYk()‘)Ylk(fC§)\)
1=0 k=0
1 n+l 1 b1t l /\n+2 l
-1 (1) (k> oy e ) Vi )
=0 k=0
n+1 k\k
(=D"A
—— Y1k (T A).
+kZ:0(n+lfk)' n+1 k(xv)‘)

Proof. By using (2), we modify (28) as follows:

0? xt 1 t
gy F (e N} = (AHI 1og(m:+1)_5(zxt+1)1og(At+1)F(t,A)+MH>

'F(t,.’ﬂ,)\),

which, for |At| < 1, readily yields
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1 o 92 " > n o= (1) At & tm
n=0 n=0 n=0 n=0
1Y) o= (=1)" Antign
—(N+ = A
(e X
o] n n tn
(Z <k>y,€ (A) Yok @;,A)) —
n=0 \k=0
Iy (—/\t)"iY @) &
¢ n=0 n=0 e n'

By using the Cauchy product in the above equation and after some elementary calcula-
tions, we get

o [/ n—l+k+1
S (S e e e )

n=0 \1=0 k=0
e’} n el l )\n—l+1 )
XS0 () G e )
n=0 \1=0 k=0
1 o0 n+1 1 1l 1 >\n+27l )
Tk ( =Y (k) mrz—pn FAN Yk (@A)
n=0 \1=0 k=0
0 1 n+1 (_)\)k (TL T l)‘ "
! 712:;) <”+ L= (n+1-k)! Yor1-k (73 2) o

Comparing the coefficients of t™ on both sides of this last equation, we arrive at the
desired result. O

Theorem 6. Let n € N\ {1}. Then the following identity holds true:

2)\n% {Yo (z;0)} + 2% {Yog1 (z;0)}

~ 9Ana? :Z_é (” ; 1) BN Y1 g (23 0) + 2:,;2”: <Z> B (=N Y g (23 0)

k=0

-

n—

9 n—1 .
SRCaE) ( ] )nymm_l_k(x,A)

=0

A+ 3 (1)) Yo (2

k=0
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Y ; ("7 %) (5= 0 ¥iok i) Yaama (i)
+ 323 > zl: <” | 1) <f€> nYi_k (A) Y (A) Yoo 1y (23 0)

+ A2 (7) (é)iﬁk(A)Y%(A)y%l(w;A)-

Proof. By using (2), we modify (27) as follows:

82
OOt

—Vat+z(M+1)
(At +1)2

(F(t,z,\)} = [A(”‘"

B (/\2:171% + Az (2M¢ + 1) + 20(\t + 1)> F(tN)

20\ + 1)

+ A2 (At + %) [F (&, )] | F (t,2,\).

Therefore, we have

82

20N+ 1) o (F (17, 0))
— l%— (N (Bz+2)t+ A(z+2)] F(t,\)

+ (M2 3N+ N2 [F (V) | F (2,0,

which readily yields

n

A 2) 3 5 D @)

TL

= (2)\2%t + 22) i —At)" ZY (230 —,

t’n.

—[)\2(3x+2)t+/\($+2)]i n!

n=0

Lio (Z> Vi (A) Yo (3 0)

o] n l
+ (2N 4303+ A7) D lz > (7) (li)Yz k(AN Y (A) Yoy (; /\)]
n=0

We thus find that

131

tn

n!
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t’l’L

> (g i () + 255 (o @i} ) &

n=0

=222y [i <”; 1) K (=N nY,_1_ (m;A)l g

k=0
tn

zn: (Z)k' (=N Yook @d)|

k=0

~ Mz +2) f: [iz (Z) Yie (A) Yoo (23 0)

t'n

n!

n

S ri 3 (" . 2) (]lc)n(n — 1) Vi () Y () Yoo (a3 A)] o
(

t’l’L

1) (]i) nYi—x (A) Y (A) Y11 (3 A)] —

n!

e i [z O (7) (1)1 OB Y A)] e

n

Now, upon comparing the coefficients of — on both sides of the above equation, we
n!

arrive at the desired result. O

Theorem 7. Let n € N. Then

0 g it (1 ALtk
e Yot (@)} = ZZ ' l<k) i DYook (53

k

Proof. By using (2), we modify (26) as follows:

o {F (t,z,\)} = A log (At + 1 )—A—Ql (AtJrl)F(t)\)JrL
A B (S VAV Bt 9 8 TN

F(t,z,)). (29)
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Upon rearranging right-hand side of the equation (29), if we make use of the generating
function for the Daehee numbers in (5), we get the following functional equation:

0? A2t A3t /\
— _IF = F — —F _ 2\ F

which can be used to obtain
>0 ) ” — (Mt
nzo oy Wi (23 0)} ()\ xtz —\t) ;Dn
Nt & (At)"
e S

+ Ai (At)") iyn @) =
n=0 n=0

By using the Cauchy product, we get

o0 tn

DR A EPY)

o n!
[e's) n l
(I AR ) tr
_\2 n—I .
=¥t 32 (S5 0 () T i <m>] .

1=0 k=0
3t 0o n l i
5 zzz( )Lt D vy &
n=0 =0 k=0 n!
0o n )\k) nl -
k .
n=0 ()
Hence we have
oo tn
> Yo (@50} —

o] l
1 l )\n—l—l+k n! "
=N D> ) (k) — o DrYier (iﬂ;)\)] o

n
n!
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n

t
Comparing the coefficients of — on both sides of the above equation, we arrive at the
n!

desired result. 0O
Lemma 1. It is asserted that
Y, (z;-1) = (=1)"*" Ch,, (z). (30)

Proof. Upon setting A = —1 in (1), we have

= no T 2(1—1)"
nZ::O(—l) Yo (w5 —1) o =2

:_ZCh t"

tn
Comparing the coefficients of — on both sides of the above equation, we arrive at the
n!
desired result. O
Lemma 2. The following relationship holds true:
Y, (1) = (=1)"*" Ch,. (31)

Proof. Substituting = 0 into (30), we arrive at the desired result. O

Corollary 3. The following derivative formula holds true:

d{Ch = : e (D2 p o
G @ =2 X 3 (" (1) Dl 0

(n ; 1) (]i) ’n,Dn,l,lChkChl,k (1‘)

|
+ 3 Gl (2).

Proof. By combining (31) and (30) with Theorem 7, we arrive at the desired result. O

Theorem 8. Let n € N. Then

0 1 0

A gp Yot @17 52

S {Yni2 (2 0)}

)\k+2 n!

71'2 k+ ) Yn—k(gj;)‘)
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n—1 1 n—1-—1 _
1 -1 A= 2N pl

D D) Pl i (k)me_k(x;A)
1=0 k=0 :
1 n=l \n43-1 !

3 e 2 () T ey
=0 =0
A

L Yo (T ).
+n+1 +1 (@5 A)

Proof. Multiplying both sides of (29) by At + 1, we have

e o tn s ( n+1 S tn
()\t-l-l);%{ymrl(w;)\)}m:)\x; n+1 ZY (23X —'
BN S (D) (!
2 n+1
n=0

t7l
> (E()romaen) &
+>\§:Yn(:c;/\) =
n=0

1
Multiplying both sides of this last equation by n and by using the Cauchy product in
the resulting equation, we get

n

)\Za Yoi1 (230} +Z@ n+1x)\)}%

) )\k+1

(oo} n ( "
=Xz (;m Yok (m;A)) t

1)”—5 An—i+l

3¢ 0 no l I
L [Z G 2 (1) st ”] :

A2 n (_1>"—l A=+l l <l)
_A P Vi (\) Yiog (m30) | £
== (n—=10141)-0! — k
A o "

Hence we have
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" . 1 9 tn
)\Z Yo (23 A)} n!+z o Ynr2 (@A)} —

n+10x
e} n 1 )\k-{-ln' m
)\30011—11 nll)\nlln! n
— Y] Y . v
= <zz(;kz=;) (k) o Ve (W) Yiw (z34) )

( 1"1)\71 I+1

/\2 o0 n ! l n' tn
2 — ; n—1+1 Z(k>l_!yk()\)ylk(x;)\) )

0 k=0

+/\Z ! x/\)

n

tTL
Comparing the coefficients of — on both sides of the above equation, we arrive at the
n!

desired result. O
4. Identities and relations associated with Y,, (A) and Y,, (z; A)

In this section, we give further identities and relations related to the numbers Y;, (A) in-
cluding the Hurwitz—Lerch zeta functions, the Apostol-Bernoulli numbers, the Apostol—
Euler numbers. Furthermore, we give some hypergeometric function representations for
the integrals of the numbers Y;,(\) and the polynomials Y;,(z; \). Finally, we give some
infinite series representation including the numbers Y,, (), the Daechee numbers, the
Changhee numbers, the Lucas numbers, and the Humbert polynomials.

4.1. Identities for the numbers Y, (X) involving the Apostol-Bernoulli numbers and the
Apostol-Fuler numbers

Here, in this subsection, we give several identities related to the numbers Y,, (\) in-
cluding not only the Apostol-Bernoulli numbers and their interpolation function (that
is, the Hurwitz—Lerch zeta function), but also the Apostol-Euler numbers.

Theorem 9. Let k € Ny. Then

k

Vi(A) =2)7 )

m=0

Sy (k,m) Brmy1 (A)
m+1 '

Proof. Replacing 1+ At by e'°8(!F2) in (2), for |Ael°e 2| < 1, we have

2
Z k' T Nelos(1tat) _ 1
k=
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oo
- _9 Z A" e log(1+At)

n=0

_ i?,ZAn $° s (120"

m=0

PN m N (At)*
:—22/\ > o™y 8y (k,m) 1
n=0 k=0 ’

m=0

=-2)" (Z Sy (k,m) > /\"nm>
k=0 \m=0 n=0

+h
Comparing the coefficients of o on both sides of the above equation, we obtain

A) = =228 3" 81 (k,m) > A (32)
m=0 n=0

It is well known that the Apostol-Bernoulli numbers are interpolated by the Hurwitz—
Lerch zeta function (cf. [1,3,4,34-36]) with the following relation:

B, -m,0) = 3w = Pt ),
n=0

By using this last identity in (32), we arrive at the desired result. O

Theorem 10. Let m € Ny. Then
Y (=A) = (=)™ wZe ) Sy (m,n). (33)

Proof. We observe that

- tm 2
Z Ym(_)\) W = _ (Aelog(l—/\t) + 1)

m=0
> I Mt
_ Z £, (\ Ogi')]
o0 tm
> (S wsmn) &
m=0 \n=0
tm
Comparing the coefficients of — on both sides of the above equation, we arrive at the
m!

desired result. 0O
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Remark 1. By setting A = 1 into the equation (33), we have
Y (=1) = (=1)™ " ZS )81 (m,n)

and combining the resulting equation with (31) and (12), we obtain

= i E,S; (m,n),
n=0

which was proven by Kim et al. [15, Theorem 2.7].

Theorem 11. Let m € Ny. Then

Yo (2 =A) = (=1)" A > "€, (23) Sy (m,m) . (34)
n=0

Proof. It is observed that
2¢% log(1—At)

& tm
Z Ym l ()\elog(l—/\t) + 1)

m=0

AT Rt
n=0

tm
= Z (Z En (N) 51 (m,n)) m!

n=0

tm
Comparing the coefficients of — on both sides of the above equation, we arrive at the
m!

desired result. 0O

Remark 2. By setting A = 1 in the equation (34), we have
Yo (a5 —1) = (—1)"*! i En (x31) St (m,n)
n=0
and combining the resulting equation with (30) and (11), we find that
Ch,,(z) = i E, (z)S1 (m,n),

n=0

which was proven by Kim et al. [15, Theorem 2.5].
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4.2. Hypergeometric function representations for the integrals of the numbers Y, ()
and the polynomials Y, (x; \)

Here, in this subsection, we give hypergeometric function representations for the in-
tegrals of not only the numbers Y,,(A) which is a function of the parameter A, but also
the polynomials Y, (x; \).

Theorem 12. It is asserted that

u

—2. ply?ntl
/Yn()\) dA = Tont1 oy (—n —1,-2n —1;-2n — 2; —u),
0

where o F denotes the Gauss hypergeometric functions.

Proof. We know that the following explicit formula holds true for the numbers Y;,(\)
(see [30, p. 15, Theorem 14]):

- £ ()

Integrating both sides of the above equation with respect to A, we have

h u2~n! A2 \"
Y, dy= [ = (22 g
[ ax /A—l(A—l)
0

0

u

2n
S vt
) (1=

_ . n!/z ("‘]:k)v"“f A,
o k=0

We thus find that

u

k

B Ini1 (n+k) wu
/Y (A) d\ = —2u 22n+k+1 R (35)
0

Therefore, we get

Y (k) (k) k

_ ontl (n+1)"™ 2n+1)" u”

/Yn< ) dA = —2-nlu?" § P sl B
k=0

By using (3), the equation (35) reduces to the following integral:
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/ _ 2l S (cn 1), (=20 - 1), (—u)*
n+1 (—2n —2), ko

Hence we arrive at the desired result. 0O

Theorem 13. It is asserted that

—k

Yo(z A) dh = —2-ple2 1 ST ()
/ (:3) e )
3 k=0
o (k—n—1,k—2n—1;k—2n—2;—u).
Proof. If, in the equation (1), we assume that
A%t < A =1

and use the Cauchy product, we get

g:oyn(xm)% i:: <§: ( ))\’“ <AA_21>nk> tm.

0

We thus obtain

o= 22 () S () (45

Integrating both sides of the above equation with respect to A\, we get

Zyn(x; A)dA:O/ui'—_”i (%)ng(_l)nk (2) (¥)’f dA
c2m3 () 0/ e

n T )\anlc
— —92.n! B —
2-nl Z <k> 0/ (1 _ )\)nfkﬂrl dA

R

m=0 0
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A G
=-2-n! _—
P k = m 2n—k+m+1
We thus obtain

" (x —k+m)_ A"
Y. . 2. nl 2n+1 k (’I’L m

m=0

—k+ 1™ @n—k+1)™ Am
= —2.pI\2nHL ( ) (n —,
Z mZO @2n—k+2)" @2n—k+1) m!

which, by using (3), reduces to the following equation:

u

k
Yn “Ndh=—-2-nlu 2n+1
/ (23 4) " Z(>2n—k+1
0
i —n—l m(k=2n-1)  (—u)"
— —2n—2)m m!

Hence we arrive at the desired result. O
4.3. Infinite series representations involving the numbers Y, ()

In this subsection, we give some infinite series representations involving the numbers
Y., (A), their inverses and the Changhee numbers, the Daehee numbers and the Lucas
numbers.

Let us begin with the following series including inverses of the numbers Y;, (A):

ij’: A 12(711!)” (/\)\—21)"

n=0

We thus arrive at the following result.

Theorem 14. It is asserted that
i 1 A—1 . p( A — 1)
frng X ——2 .
o Y, (\) 2 A

We now proceed to give series including quotients of the Daehee numbers and the

numbers Y;, (). For this purpose in view, we consider

Y, (A) = (=D"2-nl A2\ n+1
nZ:OD _Z A—1 (A—l) (-1)" n!

n n=0
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:%§<n+1)(xv1)n'

Now, assuming that

)\2
1
<
we arrive at the following result.
Theorem 15. Let
)\2
1
e
Then
=Y, 2)2 2
> . 3
"0 Dn 1—)\+)\2) 1A+

On the other hand, we have

— D, (-1"nl A-1 A—1\"
ZYH(A)*Z n+1 (1)”2-n!< A2 >

n=0 n=0
A—1 1 A—1\"
2 %n%—l( )\2>
& (D" 1\
2 n+1 \ A2 ’

which leads us to the following result.

Theorem 16. The following sum holds true:

— Dp, /\210g<+1 /\)
=_-Z =
— Y, (M) 2 A

Remark 3. In the special case when A = —1, Theorem 16 yields

i D,  log2
n:OYn(A)_ 2

Remark 4. Since

o0
Z n 2n = 2log 2,

n=1
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where L,, are the Lucas numbers (cf. [22, p. 7]), we find from Remark 3 that

i Do La \_,
Y, (=1) mn-2nt2) 7

n=1

Thirdly, let us give series including quotients of the Changhee numbers and the num-
bers Y}, (\). We begin by observing that

SRALIDIETETy e
o Ch,, — A1 A=1) (=1)"n!
PR A2 \"
= — 2” .
127 (55)
Assuming that
A2 1
A—1 2’
we thus obtain the following result.
Theorem 17. Let
A 1
A—1 2
Then
Y, (\) 2
2 Ch,  A—1-2)2" (37)

n=0

Finally, we establish the identities given by Theorem 18 below.

Theorem 18. Let

A—1 <
2)2

Then each of the following sums holds true:

o) 2 .
Ch, _ X(A-1) (38)
Y, (N) 22X - x+1

n=0

and

> %h" =4. (39)

n=0 n



144 H.M. Srivastava et al. / Journal of Number Theory 181 (2017) 117-146

Proof. If we consider

i Ch,, _i(—l)”n! A—1 (A—l)"
=Y, (\) o2 2(-1)"al A2
A—1n (A—1\"

) 2(2/\2)’

n=0

then we get the assertion (38) of Theorem 18.
Next, in order to derive infinite series in (39) involving the quotient of the Changhee
numbers and the Daehee numbers, we observe that

~Ch, ~=(-1)"nl n+l
2 D, =2 no (=1)" n!

n=0 n=0

=23, TQLnT
n=0

which is precisely the assertion (39) of Theorem 18. O
4.4. Further remarks concerning the numbers Y, (\) and the Humbert polynomials

In this subsection, we give various relations between infinite series obtained in the
previous section and the Humbert polynomials.

Remark 5. By rewriting the right-hand side of the equation (36) in terms of the Humbert
polynomials, we find that

[eS) v, 0 1 e 1
S e ()b (3) e @
n=0 n n=0 n=0

Remark 6. By rewriting the right-hand side of the equations (37) and (38) in terms of
the generalized Humbert polynomials, we are led to the following results:

Y, (N > 1
— =2 P,l2,=,2,—1,1 | A" 41
S =23 B (25211 (41)

and

>~ Ch, ., = 1 "
;Yn(/\)_)\ A=D1 P, (2,5,2,—1,1>>\. (42)

n=0
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5. Concluding remarks and observations

In the present paper, we have investigated some derivative properties of the generat-
ing functions for the numbers Y,, (A) and the polynomials Y, (x; \), which were recently
introduced by Simsek [30]. We have given functional equations and differential equations
(PDEs) of these generating functions. By using these functional and differential equa-
tions, we have derived not only recurrence relations, but also several other identities
and relations for these numbers and polynomials. Our identities include the Apostol—
Bernoulli numbers, the Apostol-Euler numbers, the Stirling numbers of the first kind,
the Cauchy numbers and the Hurwitz—Lerch zeta function. Moreover, we have given
hypergeometric function representation for an integral involving some of these numbers
and polynomials. Finally, we have derived infinite series representations of the numbers
Y, (A), the Changhee numbers, the Dachee numbers, the Lucas numbers and the Hum-
bert polynomials. We have also considered various (known or new) special cases and
consequences of some of the main results which we have derived in this paper.
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