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The main motivation of this paper is to investigate some 
derivative properties of the generating functions for the num-
bers Yn (λ) and the polynomials Yn(x; λ), which were recently 
introduced by Simsek [30]. We give functional equations and 
differential equations (PDEs) of these generating functions. 
By using these functional and differential equations, we derive 
not only recurrence relations, but also several other identities 
and relations for these numbers and polynomials. Our iden-
tities include the Apostol–Bernoulli numbers, the Apostol–
Euler numbers, the Stirling numbers of the first kind, the 
Cauchy numbers and the Hurwitz–Lerch zeta functions. More-
over, we give hypergeometric function representation for an 
integral involving these numbers and polynomials. Finally, we 
give infinite series representations of the numbers Yn (λ), the 
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Apostol–Bernoulli numbers and 
Apostol–Bernoulli polynomials
Apostol–Euler numbers and 
Apostol–Bernoulli polynomials
Daehee and Changhee numbers
Stirling numbers of the first kind
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Humbert polynomials
Lucas numbers
Binomial coefficients

Changhee numbers, the Daehee numbers, the Lucas numbers 
and the Humbert polynomials.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

In this paper, we are motivated to consider an interesting new family of polynomials 
Yn (x;λ) given by the following generating function:

F (t, x, λ) = 2 (1 + λt)x

λ (1 + λt) − 1 =
∞∑

n=0
Yn (x;λ) tn

n! , (1)

which were recently introduced and investigated by Simsek (see [30]) by using a new 
family of special numbers Yn,χ (λ, q) attached to a Dirichlet character χ. When q → 1
and χ ≡ 1, the numbers Yn,χ (λ, q) reduce to the following generating function for the 
numbers Yn (λ):

F (t, λ) = 2
λ (1 + λt) − 1 =

∞∑
n=0

Yn (λ) tn

n! . (2)

We observe that (cf. [30])

Yn(λ) = Yn(0;λ).

By using the generating function in (1), a few values of the polynomials Yn(x; λ) are 
given as follows:

Y0(x;λ) = 2
λ− 1 , Y1(x;λ) = 2λ

λ− 1 x− 2λ2

(λ− 1)2
,

Y2(x;λ) = 2λ2

λ− 1 x2 − 6λ3 − 2λ2

(λ− 1)2
x + 4λ4

(λ− 1)3
,

Y3(x;λ) = 2λ3

λ− 1 x3 − 12λ4 − 6λ3

(λ− 1)2
x2 + 22λ5 − 14λ4 + 4λ3

(λ− 1)3
x− 12λ6

(λ− 1)4
,

and so on. Thus, clearly a few values of the numbers Yn (λ) are given by (cf. [30])
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Y0(λ) = 2
λ− 1 , Y1(λ) = − 2λ2

(λ− 1)2
, Y2(λ) = 4λ4

(λ− 1)3
,

Y3(λ) = − 12λ6

(λ− 1)4
, Y4(λ) = 48λ8

(λ− 1)5
,

and so on.
As stated by Simsek [30], there exist some significant combinatorial identities which 

are essentially associated with the numbers Yn (λ), the polynomials Yn (x;λ) and several 
other special numbers and polynomials including the Apostol type numbers and poly-
nomials, the Stirling numbers, the Cauchy numbers and the Bernoulli numbers of the 
second kind. Recently, by using differential equations derivable from the generating func-
tion of Changhee polynomials, Kim et al. [16] obtained several identities and formulas 
related to Changhee polynomials. By using similar method and technique, we give some 
PDEs for the generating functions for the numbers Yn (λ) and the polynomials Yn(x; λ)
with respect to the variables x and t as well as the parameter λ. Moreover, by using 
some techniques involving the generating functions, functional equations, partial differ-
ential equations, we investigate the various fundamental properties of the generating 
functions for the numbers Yn (λ) and the polynomials Yn(x; λ). By using Apostol type 
numbers, the Stirling numbers of the first kind, the Cauchy numbers and the Hurwitz–
Lerch zeta function, we also derive several identities and relations associated with the 
numbers Yn (λ) and the polynomials Yn(x; λ). In addition to the PDEs of the generating 
functions for these numbers and polynomials, we give integral expressions for both the 
numbers Yn(λ) and the polynomials Yn(x; λ) in terms of the Gauss hypergeometric func-
tion. Furthermore, we investigate infinite series representations of not only the ratios of 
the numbers Yn (λ), the Changhee numbers, the Daehee numbers to one another, but 
also inverses of the numbers Yn (λ). We give some formulas for these infinite series and 
we obtain relations between these infinite series and the Humbert polynomials and the 
Lucas numbers.

In our present investigation, we need the following definitions, notations, and other 
preliminaries. Throughout this paper, we write

N = {1, 2, 3, · · · } and N0 = N ∪ {0}

and denote by Z, R and C the set of integers, the set of real numbers and the set of 
complex numbers, respectively. We also assume tacitly that (cf. [1–35,39]; see also the 
references cited therein)

0n =
{

1 (n = 0)
0 (n ∈ N).

Moreover, for λ ∈ C and n ∈ N0, we have
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(
λ

0

)
= 1 and

(
λ

n

)
=

(λ)n
n!

,

where (λ)n is the falling factorial defined by

(λ)n = λ (λ− 1) (λ− 2) · · · (λ− n + 1) (λ ∈ C; n ∈ N)

and

(λ)0 = 1 (λ ∈ C).

On the other hand, the rising factorial (λ)(n) is defined similarly by

(λ)(n) = λ (λ + 1) (λ + 2) · · · (λ + n− 1) (λ ∈ C; n ∈ N)

and

(λ)(0) = 1 (λ ∈ C).

Clearly, we have

(λ)(n) = (−1)n (−λ)n (λ ∈ C; n ∈ N0). (3)

The Daehee polynomials Dn (x) defined by the following generating function (cf. [12,
29,31]):

FD (x, t) = (1 + t)x FD(t) =
∞∑

n=0
Dn (x) tn

n! (4)

and the corresponding Daehee numbers Dn = Dn (0) are given by

FD (t) = FD(0, t) = log (1 + t)
t

=
∞∑

n=0
Dn

tn

n! . (5)

By using (5), we get the following explicit formula for the Daehee numbers Dn (cf. [7,
12]):

Dn = (−1)n n!
n + 1 .

The Peters polynomials sk(x; λ, μ), which are a member of the family of the Sheffer 
polynomials, are given by the following generating functions (cf. [10,13,27]):

(1 + t)x[
1 + (1 + t)λ

]μ =
∞∑

n=0
sk(x;λ, μ) tn

n! ,
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which, in the special case when λ = μ = 1, reduces immediately to the Changhee 
polynomials Chn (x) defined by the following generating function (cf. [14,15]):

FCh (x, t) = (1 + t)x FCh (t) =
∞∑

n=0
Chn (x) tn

n! , (6)

which, for x = 0, yields the Changhee numbers Chn which is defined by means of the 
following generating function (cf. [14,15]). By using (7):

FCh (t) = 2
t + 2 =

∞∑
n=0

Chn
tn

n! . (7)

The explicit formula for the Changhee numbers Chn is given by (cf. [15])

Chn = (−1)n n!
2n .

Our results are also associated with many other well-known numbers and well-known 
polynomials, which are recalled below along with their generating functions.

The Apostol–Bernoulli polynomials Bn(x; λ) are defined by the following generating 
function (see [1,32]):

text

λet − 1 =
∞∑

n=0
Bn(x;λ) tn

n! (8)

(λ ∈ C; |t| < 2π when λ = 1; |t| < |log λ| when λ �= 1; ) .

For x = 0, these polynomials are reduced to the Apostol–Bernoulli numbers Bn(λ) which 
are given by the following generating function (cf. [1,21,33,36,38]):

t

λet − 1 =
∞∑

n=0
Bn(λ) tn

n! . (9)

Also, in their special case when λ = 1, the Apostol–Bernoulli numbers Bn(λ) are reduced 
to the classical Bernoulli numbers Bn (cf. [1–36]; see also the references cited therein):

Bn = Bn(1).

By using the above generating functions for the Apostol–Bernoulli numbers Bn(λ)
and the Apostol–Bernoulli polynomials Bn(x; λ) together with the method of umbral 
calculus convention, a few of these numbers and polynomials are computed as follows 
(cf. [1–36]; see also the related references cited therein):

B0 (λ) = 0, B1 (λ) = 1
λ− 1 , B2 (λ) = − 2λ

2 , B3 (λ) = 3λ (λ + 1)
3 , · · ·
(λ− 1) (λ− 1)
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and

B0 (x;λ) = 0, B1 (x;λ) = 1
λ− 1 , B2 (x;λ) = 1

λ− 1 x− 2λ
(λ− 1)2

,

B3 (x;λ) = 3
λ− 1 x2 − 6λ

(λ− 1)2
x + 3λ (λ + 1)

(λ− 1)3
, · · · .

The Apostol–Euler polynomials En(x; λ) are given by the following generating function 
(cf. [5,11,25,33,35,38]; see also the related references cited therein):

2ext

λet + 1 =
∞∑

n=0
En(x;λ) tn

n! (10)

(λ ∈ C; |t| < π when λ = 1; |t| < |ln (−λ)| when λ �= 1) .

In the special case when x = 0, these polynomials are reduced to the Apostol–Euler 
numbers En(λ):

En(λ) = En(0;λ),

which are given by the following generating function:

2
λet + 1 =

∞∑
n=0

En(λ) tn

n! .

Moreover, for λ = 1, the Apostol–Euler polynomials En(x; λ) are reduced to the classi-
cal Euler polynomials of the first kind (cf. [6–36]; see also the related references cited 
therein):

En (x) = En (x; 1) . (11)

The classical Euler numbers En of the first kind are defined by the following generating 
function:

2
et + 1 =

∞∑
n=0

En
tn

n! (|t| < π).

In particular, for λ = 1, we have (cf. [6–36]; see also the related references cited therein)

En = En(1). (12)

By using the above generating functions for the Apostol–Euler polynomials En(x; λ)
and the Apostol–Euler numbers En(λ) together with the method of umbral calculus 
convention, a few of these numbers are computed as follows (cf. [6–36]; see also the 
related references cited therein):
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E0 (λ) = 2
λ + 1 , E1 (λ) = − 2λ

(λ + 1)2
, E2 (λ) = 2λ (λ− 1)

(λ + 1)3
,

E3 (λ) = −
2λ

(
λ2 − 4λ + 1

)
(λ + 1)4

, · · · .

For several finite sums involving the interpolation functions of the Bernoulli and Eu-
ler polynomials, and for several identities, relations and formulas associated with the 
classical Bernoulli and Euler polynomials, the reader should consult [32].

The Stirling numbers S1 (n, k) of the first kind are defined by the following generating 
function:

(x)n =
n∑

k=0

S1 (n, k)xk (13)

or, equivalently, by (cf. [2,26,28,35,36]; see also the references cited therein)

∞∑
n=k

S1 (n, k) tn

n! = [log (1 + t)]k

k! .

The Bernoulli numbers bn (0) of the second kind, which are also called the Cauchy 
numbers, are defined by means of the following generating function (cf. [27, p. 116]):

FC (t) = t

log (1 + t) =
∞∑

n=0
bn (0) tn

n! . (14)

The numbers bn (0) are calculated by the following formula (cf. [27, pp. 113–117]):

bn (0) =
1∫

0

(x)n dx,

so that a few of the Cauchy numbers bn (0) are given by (cf. [17,26] and [27, pp. 113–117]; 
see also the references cited therein)

b0(0) = 1, b1(0) = 1
2 , b2(0) = − 1

12 , b3(0) = 1
24 , b4(0) = − 19

720 , · · · .

The Humbert polynomials Π(λ)
n,m (x) were defined by Humbert [9] by means of the 

following generating function (cf. [9], [37, p. 86, Eq. 1.11 (26)], [24]):

(1 −mxt + tm)−λ =
∞∑

n=0
Π(λ)

n,m (x) tn.

The recurrence relation for these polynomials is given as follows (cf. [6,23]; see also the 
references cited therein):
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(n + 1) Π(λ)
n+1,m (x) −mx (n + λ) Π(λ)

n,m (x) − (n + mλ−m + 1) Π(λ)
n−m+1,m (x) = 0.

The generalized Humbert polynomials Pn(m, x, y, p, C) are defined by the following 
generating function (cf. [6,8,23,24]; see also [37, p. 86, Eq. 1.11 (29)]):

(C −mxt + ytm)p =
∞∑

n=0
Pn(m,x, y, p, C)tn,

so that, clearly, we have

Pn(m,x, 1,−λ, 1) = Π(λ)
n,m (x) .

We summarize the presentation of our results as follows. In Section 2 and Section 3, by 
using some general techniques involving the partial differential equations of the function 
F (t, x, λ) with respect to x, t and λ, we first derive several identities, functional equations 
and recurrence relations associated with the numbers Yn (λ), the polynomials Yn(x; λ), 
the Daehee numbers and polynomials, and the Changhee numbers and polynomials. In 
Section 3, we make use of these derivative formulas in order to derive some identities 
involving the Stirling numbers of the first kind and the Cauchy numbers. In Section 4, 
we give further identities and relations associated with the numbers Yn (λ) together with 
the Hurwitz–Lerch zeta function, the Apostol–Bernoulli numbers, and the Apostol–Euler 
numbers. Furthermore, we give some hypergeometric function representation for the 
integral of the numbers Yn(λ) and the polynomials Yn(x; λ). We also give some infinite 
series representation including the numbers Yn (λ), the Daehee numbers, the Changhee 
numbers, the Lucas numbers, and the Humbert polynomials. Finally, in Section 5, we 
present a number of concluding remarks and observations.

2. Partial derivatives of the generating function F (t, x, λ)

This section deals with new functional equations related to the polynomials Yn(x; λ)
and the differential equations associated with their generating functions.

Differentiating both side of (1) with respect to t, we get the following partial differ-
ential equation:

∂

∂t
{F (t, x, λ)} = F (t, x, λ)

(
λx

1 + λt
− λ2

2 F (t, λ)
)
. (15)

Combining (1) and (2) with the partial differential equation in (15), we find for |λt| < 1
that
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∞∑
n=0

Yn+1 (x;λ) tn

n! = λx
∞∑

n=0
(−λt)n

∞∑
n=0

Yn (x;λ) tn

n!

− λ2

2

∞∑
n=0

Yn (λ) tn

n!

∞∑
n=0

Yn (x;λ) tn

n! .

By using the Cauchy product in the above equation, we have

∞∑
n=0

Yn+1 (x;λ) tn

n! = λx

∞∑
n=0

(
n∑

k=0

(−λ)n−k

k! Yk (x;λ)
)
tn

− λ2

2

∞∑
n=0

n∑
k=0

(
n

k

)
Yk (x;λ)Yn−k (λ) tn

n! .

Comparing the coefficients of t
n

n! on both sides of the above equation, we arrive at the 
following result.

Theorem 1. It is asserted that

Yn+1 (x;λ) = 1
2

n∑
k=0

(
n

k

)
Yk (x;λ)

[
2 (−1)n−k

λn−k+1x (n− k)! − λ2Yn−k (λ)
]
.

Corollary 1. The following assertion holds true:

Yn+1 (x;λ) =
n∑

k=0

(
n

k

)
Yk (x;λ)

·
[
(−1)n−k

λn−k+1x (n− k)! − 2n−k

(
λ2

λ− 1

)n−k+1

Chn−k

]
.

Proof. By using (2), we define the following functional equation:

λ2

2 F (t, λ) = λ2

λ− 1FCh

(
2λ2

λ− 1 t
)
. (16)

Combining (16) with equation (15), we find for |λt| < 1 that

∞∑
n=0

Yn+1 (x;λ) tn

n! =
∞∑

n=0
Yn (x;λ) tn

n!

·
[
λx

∞∑
n=0

(−λt)n − λ2

λ− 1

∞∑
n=0

(
2λ2

λ− 1

)n

Chn
tn

n!

]
.

After some elementary calculations with the Cauchy product, we obtain
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∞∑
n=0

Yn+1 (x;λ) tn

n! = λx
∞∑

n=0

(
n∑

k=0

(−λ)n−k

k! Yk (x;λ)
)
tn

−
∞∑

n=0

[
n∑

k=0

(
n

k

)
Yk (x;λ)2n−k

(
λ2

λ− 1

)n−k+1

Chn−k

]
tn

n! .

Comparing the coefficients of t
n

n! on both sides of the above equation, we arrive at the 

desired result. �
Theorem 2. Let v ∈ N0. Then

∂v

∂tv
{F (t, x, λ)} =

[
v∑

j=0
(−1)j (v)j (x)v−j λ

v+j (1 + λt)j−v

·
(
λ2t + λ− 1

)−j

]
F (t, x, λ) . (17)

Proof. We observe that

∂

∂t
{F (t, x, λ)} =

[
λ(λt + 1)−1

x− λ2 (λ2t + λ− 1
)−1

]
F (t, x, λ) . (18)

Therefore, by iterating the above derivation for the variable t, the proof of Theorem 2
is completed. �

By using (1) and (17), we get

∂v

∂tv
{F (t, x, λ)} =

∞∑
n=0

Yn+v (x;λ) tn

n! . (19)

We now set

1
(1 + λt)v−j

=
∞∑
k=0

(−1)k
(
v − j + k − 1

k

)
λktk, (20)

(
λ2t + λ− 1

)−j = 1
(λ− 1)j

∞∑
k=0

(−1)k
(
j + k − 1

k

)(
λ2t

λ− 1

)k

(21)

and

1
(1 + λt)v−j

1
(λ2t + λ− 1)j

= 1
(λ− 1)j

∞∑
k=0

Ck (j, v, λ) tk

k! , (22)

where
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Ck (j, v, λ) =
k∑

m=0
(−1)k

(
k

m

)
(v − j + k − 1)m (j + k − 1)k−m

λ2k−m

(λ− 1)k−m
.

Substituting from (19), (20), (21) and (22) into (17) and using the Cauchy product, we 
obtain

∞∑
n=0

Yn+v (x;λ) tn

n! =
∞∑

n=0

⎡
⎣ v∑
j=0

(−1)j (v)j (x)v−j λ
v

(
λ

λ− 1

)j

·
n∑

k=0

(
n

k

)
Ck (j, v, λ)Yn−k (x;λ)

]
tn

n! .

Comparing the coefficients of t
n

n! on both sides of this last equation, we arrive at the 

following theorem:

Theorem 3. Let v ∈ N0. Then

Yn+v (x;λ) =
v∑

j=0
(v)j (x)v−j λ

v

(
− λ

λ− 1

)j

·
n∑

k=0

(
n

k

)
Ck (j, v, λ)Yn−k (x;λ) , (23)

where

Ck (j, v, λ) =
k∑

m=0
(−1)k

(
k

m

)
(v − j + k − 1)m (j + k − 1)k−m

λ2k−m

(λ− 1)k−m
.

Now, since

(x)v−j =
v−j∑
l=0

S1 (v − j, l)xl, (24)

upon setting n = v − j in (13) and combining the resulting equation with (23), we get 
the following corollary.

Corollary 2. Let v ∈ N0. Then

Yn+v (x;λ) =
v∑

j=0
(v)j λv

(
− λ

λ− 1

)j v−j∑
l=0

S1 (v − j, l)xl

·
n∑

k=0

(
n

k

)
Ck (j, v, λ)Yn−k (x;λ) .
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Additionally, it can be found that

∂

∂x
{F (t, x, λ)} = F (t, x, λ) log (λt + 1) . (25)

Thus, clearly, we have

1
log (λt + 1)

∞∑
n=0

∂

∂x
{Yn (x;λ)} tn

n! =
∞∑

n=0
Yn (x;λ) tn

n! .

By using the equation (14), we obtain

∞∑
n=0

[
n∑

k=0

(
n

k

)
∂

∂x
{Yk (x;λ)}λn−kbn−k (0)

]
tn

n! =
∞∑

n=0
λnYn−1 (x;λ) tn

n! .

Comparing the coefficients of t
n

n! on both sides of the above equation, we arrive at the 

following result.

Theorem 4. Let n ∈ N. Then

Yn−1 (x;λ) = 1
λn

n∑
k=0

(
n

k

)
∂

∂x
{Yk (x;λ)}λn−kbn−k (0) .

3. Identities related to the PDEs for the generating function F (t, x, λ)

In this section, we give obtain partial derivative equations including the functions 
F (t, x, λ); with respect to x, t and λ. By using these equations, we derive some new 
partial derivative formulas for the polynomials Yn (x;λ). We also give recurrence relations 
for these polynomials.

Differentiating both side of (18) with respect to x, we get the following partial differ-
ential equation:

∂2

∂x∂t
{F (t, x, λ)} =

[
λ(λt + 1)−1

x log (λt + 1) − λ2(λ2t + λ− 1
)−1 log (λt + 1)

+ λ(λt + 1)−1
]
F (t, x, λ) . (26)

On the other hand, if we differentiate both sides of the equation (18) with respect to λ, 
we also get the following partial differential equation:

∂2

∂λ∂t
{F (t, x, λ)}

=
[
λt (λt + 1)−2 (x− 1)x + (λt + 1)−1

x− λ2t(λt + 1)−1(
λ2t + λ− 1

)−1
x
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− λ(λt + 1)−1(
λ2t + λ− 1

)−1 (2λt + 1)x− 2λ
(
λ2t + λ− 1

)−1

+ 2λ2(λ2t + λ− 1
)−2 (2λt + 1)

]
F (t, x, λ) . (27)

If we differentiate both sides of the equation (25) with respect to λ, we also get the 
following partial differential equation:

∂2

∂λ∂x
{F (t, x, λ)}

=
[
xt(λt + 1)−1 log (λt + 1) − (2λt + 1)

(
λ2t + λ− 1

)−1 log (λt + 1)

+ t(λt + 1)−1
]
F (t, x, λ) . (28)

It is time now to give our (presumably new) formulas by using the above partial 
differential equations.

Theorem 5. It is asserted that

1
(n + 2)2

∂2

∂λ∂x
{Yn+2 (x;λ)}

= x

n∑
l=0

l∑
k=0

(−1)n−l+k λn−l+k+1

(k + 1) (l − k)! Yl−k (x;λ)

− λ

n∑
l=0

l∑
k=0

(−1)n−l

(
l

k

)
λn−l+1

(n− l + 1) l! Yk (λ)Yl−k (x;λ)

− 1
2

n+1∑
l=0

l∑
k=0

(−1)n+1−l

(
l

k

)
λn+2−l

(n + 2 − l) l! Yk (λ)Yl−k (x;λ)

+
n+1∑
k=0

(−1)k λk

(n + 1 − k)! Yn+1−k (x;λ) .

Proof. By using (2), we modify (28) as follows:

∂2

∂λ∂x
{F (t, x, λ)} =

(
xt

λt + 1 log (λt + 1) − 1
2 (2λt + 1) log (λt + 1)F (t, λ)+ t

λt + 1

)

· F (t, x, λ) ,

which, for |λt| < 1, readily yields



130 H.M. Srivastava et al. / Journal of Number Theory 181 (2017) 117–146
1
t2

∞∑
n=0

∂2

∂λ∂x
{Yn (x;λ)} tn

n! = x
∞∑

n=0
(−λt)n

∞∑
n=0

(−1)n λn+1tn

n + 1

∞∑
n=0

Yn (x;λ) tn

n!

−
(
λ + 1

2t

) ∞∑
n=0

(−1)n λn+1tn

n + 1

·
∞∑

n=0

(
n∑

k=0

(
n

k

)
Yk (λ)Yn−k (x;λ)

)
tn

n!

+ 1
t

∞∑
n=0

(−λt)n
∞∑

n=0
Yn (x;λ) tn

n! .

By using the Cauchy product in the above equation and after some elementary calcula-
tions, we get

∞∑
n=0

1
(n + 2)2

∂2

∂λ∂x
{Yn+2 (x;λ)} tn

n!

= x

∞∑
n=0

(
n∑

l=0

l∑
k=0

(−1)n−l+k λn−l+k+1

(k + 1) · (l − k)! Yl−k (x;λ)
)
tn

− λ

∞∑
n=0

(
n∑

l=0

l∑
k=0

(−1)n−l

(
l

k

)
λn−l+1

(n− l + 1) l! Yk (λ)Yl−k (x;λ)
)
tn

− 1
2

∞∑
n=0

(
n+1∑
l=0

l∑
k=0

(−1)n+1−l

(
l

k

)
λn+2−l

(n + 2 − l) l! Yk (λ)Yl−k (x;λ)
)
tn

+
∞∑

n=0

(
1

n + 1

n+1∑
k=0

(−λ)k (n + l)!
(n + 1 − k)! Yn+1−k (x;λ)

)
tn

n! .

Comparing the coefficients of tn on both sides of this last equation, we arrive at the 
desired result. �
Theorem 6. Let n ∈ N \ {1}. Then the following identity holds true:

2λn ∂

∂λ
{Yn (x;λ)} + 2 ∂

∂λ
{Yn+1 (x;λ)}

= 2λnx2
n−1∑
k=0

(
n− 1
k

)
k! (−λ)k Yn−1−k (x;λ) + 2x

n∑
k=0

(
n

k

)
k! (−λ)k Yn−k (x;λ)

− λ2 (3x + 2)
n−1∑
k=0

(
n− 1
k

)
nYk (λ)Yn−1−k (x;λ)

− λ (x + 2)
n∑(

n

k

)
Yk (λ)Yn−k (x;λ)
k=0
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+ 2λ4
n−2∑
l=0

l∑
k=0

(
n− 2

l

)(
l

k

)
n (n− 1)Yl−k (λ)Yk (λ)Yn−2−l (x;λ)

+ 3λ3
n−1∑
l=0

l∑
k=0

(
n− 1

l

)(
l

k

)
nYl−k (λ)Yk (λ)Yn−1−l (x;λ)

+ λ2
n∑

l=0

l∑
k=0

(
n

l

)(
l

k

)
Yl−k (λ)Yk (λ)Yn−l (x;λ) .

Proof. By using (2), we modify (27) as follows:

∂2

∂λ∂t
{F (t, x, λ)} =

[
λ (x− 1)xt + x (λt + 1)

(λt + 1) 2

−
(
λ2xt + λx (2λt + 1) + 2λ(λt + 1)

2(λt + 1)

)
F (t, λ)

+ λ2
(
λt + 1

2

)
[F (t, λ)]2

]
F (t, x, λ) .

Therefore, we have

2(λt + 1) ∂2

∂λ∂t
{F (t, x, λ)}

=
[

2x (λxt + 1)
λt + 1 −

[
λ2 (3x + 2) t + λ (x + 2)

]
F (t, λ)

+
(
2λ4t2 + 3λ3t + λ2) [F (t, λ)]2

]
F (t, x, λ) ,

which readily yields

(2λt + 2)
∞∑

n=0

∂

∂λ
{Yn+1 (x;λ)} tn

n!

=
(
2λx2t + 2x

) ∞∑
n=0

(−λt)n
∞∑

n=0
Yn (x;λ) tn

n!

−
[
λ2 (3x + 2) t + λ (x + 2)

] ∞∑
n=0

[
n∑

k=0

(
n

k

)
Yk (λ)Yn−k (x;λ)

]
tn

n!

+
(
2λ4t2 + 3λ3t + λ2) ∞∑

n=0

[
n∑

l=0

l∑
k=0

(
n

l

)(
l

k

)
Yl−k (λ)Yk (λ)Yn−l (x;λ)

]
tn

n! .

We thus find that
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∞∑
n=0

(
2λn ∂

∂λ
{Yn (x;λ)} + 2 ∂

∂λ
{Yn+1 (x;λ)}

)
tn

n!

= 2λx2
∞∑

n=0

[
n−1∑
k=0

(
n− 1
k

)
k! (−λ)k nYn−1−k (x;λ)

[
tn

n!

+ 2x
∞∑

n=0

[
n∑

k=0

(
n

k

)
k! (−λ)k Yn−k (x;λ)

]
tn

n!

− λ2 (3x + 2)
∞∑

n=0

[
n−1∑
k=0

(
n− 1
k

)
nYk (λ)Yn−1−k (x;λ)

]
tn

n!

− λ (x + 2)
∞∑

n=0

[
n∑

k=0

(
n

k

)
Yk (λ)Yn−k (x;λ)

]
tn

n!

+ 2λ4
∞∑

n=0

[
n−2∑
l=0

l∑
k=0

(
n− 2

l

)(
l

k

)
n (n− 1)Yl−k (λ)Yk (λ)Yn−2−l (x;λ)

]
tn

n!

+ 3λ3
∞∑

n=0

[
n−1∑
l=0

l∑
k=0

(
n− 1

l

)(
l

k

)
nYl−k (λ)Yk (λ)Yn−1−l (x;λ)

]
tn

n!

+ λ2
∞∑

n=0

[
n∑

l=0

l∑
k=0

(
n

l

)(
l

k

)
Yl−k (λ)Yk (λ)Yn−l (x;λ)

]
tn

n! .

Now, upon comparing the coefficients of t
n

n! on both sides of the above equation, we 

arrive at the desired result. �
Theorem 7. Let n ∈ N. Then

∂

∂x
{Yn+1 (x;λ)} = x

n−1∑
l=0

l∑
k=0

(−1)n−1−l

(
l

k

)
λn+1−l+kn!

l! DkYl−k (x;λ)

− 1
2

n−1∑
l=0

l∑
k=0

(
n− 1

l

)(
l

k

)
λn+2−lnDn−1−lYk (λ)Yl−k (x;λ)

+
n∑

k=0

(−1)k n! λk+1

(n− k)! Yn−k (x;λ) .

Proof. By using (2), we modify (26) as follows:

∂2

∂x∂t
{F (t, x, λ)} =

(
λx

λt + 1 log (λt + 1) − λ2

2 log (λt + 1)F (t, λ) + λ

λt + 1

)

· F (t, x, λ) . (29)
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Upon rearranging right-hand side of the equation (29), if we make use of the generating 
function for the Daehee numbers in (5), we get the following functional equation:

∂2

∂x∂t
{F (t, x, λ)} =

(
λ2xt

λt + 1FD (λt) − λ3t

2 FD (λt)F (t, λ) + λ

λt + 1

)
F (t, x, λ) ,

which can be used to obtain

∞∑
n=0

∂

∂x
{Yn+1 (x;λ)} tn

n! =
(
λ2xt

∞∑
n=0

(−λt)n
∞∑

n=0
Dn

(λt)n

n!

− λ3t

2

∞∑
n=0

Dn
(λt)n

n!

∞∑
n=0

Yn (λ) tn

n!

+ λ
∞∑

n=0
(−λt)n

) ∞∑
n=0

Yn (x;λ) tn

n! .

By using the Cauchy product, we get

∞∑
n=0

∂

∂x
{Yn+1 (x;λ)} tn

n!

= λ2xt

∞∑
n=0

[
n∑

l=0

l∑
k=0

(−1)n−l

(
l

k

)
λn−l+k n!

l! DkYl−k (x;λ)
]

tn

n!

− λ3t

2

∞∑
n=0

n∑
l=0

l∑
k=0

(
n

l

)(
l

k

)
λn−l Dn−lYk (λ)Yl−k (x;λ) tn

n!

+ λ
∞∑

n=0

(
n∑

k=0

(−1)k λk n!
(n− k)! Yn−k (x;λ)

)
tn

n! .

Hence we have

∞∑
n=0

∂

∂x
{Yn+1 (x;λ)} tn

n!

= λ2x
∞∑

n=0

[
n−1∑
l=0

l∑
k=0

(−1)n−1−l

(
l

k

)
λn−1−l+k n!

l! DkYl−k (x;λ)
]

tn

n!

− λ3

2

∞∑
n=0

[
n−1∑
l=0

l∑
k=0

(
n− 1

l

)(
l

k

)
λn−1−lnDn−1−lYk (λ)Yl−k (x;λ)

]
tn

n!

+ λ
∞∑

n=0

(
n∑

k=0

n!(−λ)k

(n− k)! Yn−k (x;λ)
)

tn

n! .
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Comparing the coefficients of t
n

n! on both sides of the above equation, we arrive at the 

desired result. �
Lemma 1. It is asserted that

Yn (x;−1) = (−1)n+1 Chn (x) . (30)

Proof. Upon setting λ = −1 in (1), we have

∞∑
n=0

(−1)n Yn (x;−1) tn

n! = 2 (1 − t)x

t− 2

= −
∞∑

n=0
Chn (x) tn

n!

Comparing the coefficients of t
n

n! on both sides of the above equation, we arrive at the 

desired result. �
Lemma 2. The following relationship holds true:

Yn (−1) = (−1)n+1 Chn. (31)

Proof. Substituting x = 0 into (30), we arrive at the desired result. �
Corollary 3. The following derivative formula holds true:

d
dx{Chn+1 (x)} = x

n−1∑
l=0

l∑
k=0

(−1)n+l+1
(
l

k

)
n!
l! DkChl−k (x)

− 1
2

n−1∑
l=0

l∑
k=0

(
n− 1

l

)(
l

k

)
nDn−1−lChkChl−k (x)

+
n∑

k=0

(−1)k n!
(n− k)! Chn−k (x) .

Proof. By combining (31) and (30) with Theorem 7, we arrive at the desired result. �
Theorem 8. Let n ∈ N. Then

λ
∂

∂x
{Yn+1 (x;λ)}+ 1

n + 1
∂

∂x
{Yn+2 (x;λ)}

= x
n∑ (−1)k λk+2 n!

(k + 1) (n− k)! Yn−k (x;λ)

k=0
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− 1
2

n−1∑
l=0

l∑
k=0

(−1)n−1−l
λn+3−l

n− l

(
l

k

)
n!
l! Yk (λ)Yl−k (x;λ)

− 1
2

n∑
l=0

(−1)n−l
λn+3−l

n− l + 1

l∑
k=0

(
l

k

)
n!
l! Yk (λ)Yl−k (x;λ)

+ λ

n + 1 Yn+1 (x;λ) .

Proof. Multiplying both sides of (29) by λt + 1, we have

(λt + 1)
∞∑

n=0

∂

∂x
{Yn+1 (x;λ)} tn

n! = λx
∞∑

n=0

(−1)n (λt)n+1

n + 1

∞∑
n=0

Yn (x;λ) tn

n!

− λ3t + λ2

2

∞∑
n=0

(−1)n (λt)n+1

n + 1

·
∞∑

n=0

(
n∑

k=0

(
n

k

)
Yk (λ)Yn−k (x;λ)

)
tn

n!

+ λ
∞∑

n=0
Yn (x;λ) tn

n! .

Multiplying both sides of this last equation by 
1
t

and by using the Cauchy product in 

the resulting equation, we get

λ

∞∑
n=0

∂

∂x
{Yn+1 (x;λ)} tn

n!+
1
t

∞∑
n=0

∂

∂x
{Yn+1 (x;λ)} tn

n!

= λx
∞∑

n=0

(
n∑

k=0

(−1)k λk+1

(k + 1) (n− k)! Yn−k (x;λ)
)
tn

− λ3t

2

∞∑
n=0

[
n∑

l=0

(−1)n−l
λn−l+1

(n− l + 1) · l!

l∑
k=0

(
l

k

)
Yk (λ)Yl−k (x;λ)

]
tn

− λ2

2

∞∑
n=0

[
n∑

l=0

(−1)n−l
λn−l+1

(n− l + 1) · l!

l∑
k=0

(
l

k

)
Yk (λ)Yl−k (x;λ)

]
tn

+ λ

t

∞∑
n=0

Yn (x;λ) tn

n! .

Hence we have
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λ
∞∑

n=0

∂

∂x
{Yn+1 (x;λ)} tn

n!+
∞∑

n=0

1
n + 1

∂

∂x
{Yn+2 (x;λ)} tn

n!

= λx

∞∑
n=0

(
n∑

k=0

(−1)k λk+1 n!
(k + 1) (n− k)! Yn−k (x;λ)

)
tn

n!

− λ3

2

∞∑
n=0

(
n−1∑
l=0

l∑
k=0

(−1)n−1−l
λn−l

n− l

(
l

k

)
n!
l! Yk (λ)Yl−k (x;λ)

)
tn

n!

− λ2

2

∞∑
n=0

(
n∑

l=0

(−1)n−l
λn−l+1

n− l + 1

l∑
k=0

(
l

k

)
n!
l! Yk (λ)Yl−k (x;λ)

)
tn

n!

+ λ

∞∑
n=0

1
n + 1 Yn+1 (x;λ) tn

n! .

Comparing the coefficients of t
n

n! on both sides of the above equation, we arrive at the 

desired result. �
4. Identities and relations associated with Yn (λ) and Yn (x;λ)

In this section, we give further identities and relations related to the numbers Yn (λ) in-
cluding the Hurwitz–Lerch zeta functions, the Apostol–Bernoulli numbers, the Apostol–
Euler numbers. Furthermore, we give some hypergeometric function representations for 
the integrals of the numbers Yn(λ) and the polynomials Yn(x; λ). Finally, we give some 
infinite series representation including the numbers Yn (λ), the Daehee numbers, the 
Changhee numbers, the Lucas numbers, and the Humbert polynomials.

4.1. Identities for the numbers Yn (λ) involving the Apostol–Bernoulli numbers and the 
Apostol–Euler numbers

Here, in this subsection, we give several identities related to the numbers Yn (λ) in-
cluding not only the Apostol–Bernoulli numbers and their interpolation function (that 
is, the Hurwitz–Lerch zeta function), but also the Apostol–Euler numbers.

Theorem 9. Let k ∈ N0. Then

Yk(λ) = 2λk
k∑

m=0

S1 (k,m)Bm+1 (λ)
m + 1 .

Proof. Replacing 1 + λt by elog(1+λt) in (2), for 
∣∣λelog(1+λt)

∣∣ < 1, we have

∞∑
Yk(λ) tk

k! = 2
λelog(1+λt) − 1
k=0
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= −2
∞∑

n=0
λn en log(1+λt)

= −2
∞∑

n=0
λn

∞∑
m=0

[n log (1 + λt)]m

m!

= −2
∞∑

n=0
λn

∞∑
m=0

nm
∞∑
k=0

S1 (k,m) (λt)k

k!

= −2
∞∑
k=0

( ∞∑
m=0

S1 (k,m)
∞∑

n=0
λnnm

)
(λt)k

k! .

Comparing the coefficients of t
k

k! on both sides of the above equation, we obtain

Yk(λ) = −2λk
∞∑

m=0
S1 (k,m)

∞∑
n=0

λnnm. (32)

It is well known that the Apostol–Bernoulli numbers are interpolated by the Hurwitz–
Lerch zeta function (cf. [1,3,4,34–36]) with the following relation:

Φ (λ,−m, 0) =
∞∑

n=0
λnnm = −Bm+1 (λ)

m + 1 .

By using this last identity in (32), we arrive at the desired result. �
Theorem 10. Let m ∈ N0. Then

Ym(−λ) = (−1)m+1
λm

m∑
n=0

En (λ)S1 (m,n) . (33)

Proof. We observe that
∞∑

m=0
Ym(−λ) tm

m! = 2
−
(
λelog(1−λt) + 1

)
= −

∞∑
n=0

En (λ) [log (1 − λt)]n

n!

= −
∞∑

m=0

(
m∑

n=0
(−λ)m En (λ)S1 (m,n)

)
tm

m! .

Comparing the coefficients of t
m

m! on both sides of the above equation, we arrive at the 

desired result. �
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Remark 1. By setting λ = 1 into the equation (33), we have

Ym(−1) = (−1)m+1
m∑

n=0
En (1)S1 (m,n)

and combining the resulting equation with (31) and (12), we obtain

Chm =
m∑

n=0
EnS1 (m,n) ,

which was proven by Kim et al. [15, Theorem 2.7].

Theorem 11. Let m ∈ N0. Then

Ym(x;−λ) = (−1)m+1
λm

m∑
n=0

En (x;λ)S1 (m,n) . (34)

Proof. It is observed that

∞∑
m=0

Ym(x;−λ) tm

m! = 2ex log(1−λt)

−
(
λelog(1−λt) + 1

)
= −

∞∑
n=0

En (x;λ) [log (1 − λt)]n

n!

= −
∞∑

m=0

(
m∑

n=0
(−λ)m En (λ)S1 (m,n)

)
tm

m!

Comparing the coefficients of t
m

m! on both sides of the above equation, we arrive at the 

desired result. �
Remark 2. By setting λ = 1 in the equation (34), we have

Ym(x;−1) = (−1)m+1
m∑

n=0
En (x; 1)S1 (m,n)

and combining the resulting equation with (30) and (11), we find that

Chm(x) =
m∑

n=0
En (x)S1 (m,n) ,

which was proven by Kim et al. [15, Theorem 2.5].
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4.2. Hypergeometric function representations for the integrals of the numbers Yn(λ)
and the polynomials Yn(x; λ)

Here, in this subsection, we give hypergeometric function representations for the in-
tegrals of not only the numbers Yn(λ) which is a function of the parameter λ, but also 
the polynomials Yn(x; λ).

Theorem 12. It is asserted that

u∫
0

Yn(λ) dλ = −2 · n!u2n+1

2n + 1 2F1 (−n− 1,−2n− 1;−2n− 2;−u) ,

where 2F1 denotes the Gauss hypergeometric functions.

Proof. We know that the following explicit formula holds true for the numbers Yn(λ)
(see [30, p. 15, Theorem 14]):

Yn(λ) = (−1)n 2 · n!
λ− 1

(
λ2

λ− 1

)n

.

Integrating both sides of the above equation with respect to λ, we have

u∫
0

Yn(λ) dλ =
u∫

0

2 · n!
λ− 1

(
− λ2

λ− 1

)n

dλ

= −2 · n!
u∫

0

λ2n

(1 − λ)n+1 dλ

= −2 · n!
u∫

0

∞∑
k=0

(
n + k

k

)
λ2n+k dλ.

We thus find that

u∫
0

Yn(λ) dλ = −2u2n+1
∞∑
k=0

(n + k)!
2n + k + 1

uk

k! . (35)

Therefore, we get

u∫
0

Yn(λ) dλ = −2 · n! u2n+1
∞∑
k=0

(n + 1)(k) (2n + 1)(k)

(2n + 2)(k) (2n + 1)
uk

k! .

By using (3), the equation (35) reduces to the following integral:
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u∫
0

Yn(λ) dλ = −2 · n! u2n+1

2n + 1

∞∑
k=0

(−n− 1)k (−2n− 1)k
(−2n− 2)k

(−u)k

k! .

Hence we arrive at the desired result. �
Theorem 13. It is asserted that

u∫
0

Yn(x;λ) dλ = −2 · n!u2n+1
n∑

k=0

(
x

k

)
u−k

2n− k + 1

· 2F1 (k − n− 1, k − 2n− 1; k − 2n− 2;−u) .

Proof. If, in the equation (1), we assume that

∣∣λ2t
∣∣ < |λ− 1|

and use the Cauchy product, we get

∞∑
n=0

Yn(x;λ) t
n

n! = 2
λ− 1

∞∑
n=0

(
n∑

k=0

(−1)n−k

(
x

k

)
λk

(
λ2

λ− 1

)n−k
)

tn.

We thus obtain

Yn(x;λ) = 2 · n!
λ− 1

(
λ2

λ− 1

)n n∑
k=0

(−1)n−k

(
x

k

)(
λ− 1
λ

)k

.

Integrating both sides of the above equation with respect to λ, we get

u∫
0

Yn(x;λ)dλ =
u∫

0

2 · n!
λ− 1

(
λ2

λ− 1

)n n∑
k=0

(−1)n−k

(
x

k

)(
λ− 1
λ

)k

dλ

= 2 · n!
n∑

k=0

(−1)n−k

(
x

k

) u∫
0

λ2n−k

(λ− 1)n−k+1 dλ

= −2 · n!
n∑

k=0

(
x

k

) u∫
0

λ2n−k

(1 − λ)n−k+1 dλ

= −2 · n!
n∑

k=0

(
x

k

) u∫
0

λ2n−k
∞∑

m=0

(
n− k + m

m

)
λm dλ

= −2 · n!
n∑

k=0

(
x

k

) ∞∑
m=0

(
n− k + m

m

) u∫
λ2n−k+m dλ
0
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= −2 · n!
n∑

k=0

(
x

k

) ∞∑
m=0

(
n− k + m

m

)
u2n−k+m+1

2n− k + m + 1 .

We thus obtain
∫

Yn(x;λ) dλ = −2 · n!λ2n+1
n∑

k=0

(
x

k

)
λ−k

∞∑
m=0

(n− k + m)m
2n− k + m + 1

λm

m!

= −2 · n!λ2n+1
n∑

k=0

(
x

k

)
λ−k

∞∑
m=0

(n− k + 1)(m) (2n− k + 1)(m)

(2n− k + 2)(m) (2n− k + 1)
λm

m! ,

which, by using (3), reduces to the following equation:

u∫
0

Yn(x;λ) dλ = −2 · n! u2n+1
n∑

k=0

(
x

k

)
u−k

2n− k + 1

·
∞∑

m=0

(k − n− 1)m (k − 2n− 1)m
(k − 2n− 2)m

(−u)m

m! .

Hence we arrive at the desired result. �
4.3. Infinite series representations involving the numbers Yn (λ)

In this subsection, we give some infinite series representations involving the numbers 
Yn (λ), their inverses and the Changhee numbers, the Daehee numbers and the Lucas 
numbers.

Let us begin with the following series including inverses of the numbers Yn (λ):

∞∑
n=0

1
Yn (λ) = λ− 1

2

∞∑
n=0

(−1)n

n!

(
λ− 1
λ2

)n

.

We thus arrive at the following result.

Theorem 14. It is asserted that

∞∑
n=0

1
Yn (λ) = λ− 1

2 exp
(
−λ− 1

λ2

)
.

We now proceed to give series including quotients of the Daehee numbers and the 
numbers Yn (λ). For this purpose in view, we consider

∞∑ Yn (λ)
Dn

=
∞∑ (−1)n 2 · n!

λ− 1

(
λ2

λ− 1

)n
n + 1

(−1)n n!

n=0 n=0
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= 2
λ− 1

∞∑
n=0

(n + 1)
(

λ2

λ− 1

)n

.

Now, assuming that ∣∣∣∣ λ2

λ− 1

∣∣∣∣ < 1,

we arrive at the following result.

Theorem 15. Let ∣∣∣∣ λ2

λ− 1

∣∣∣∣ < 1.

Then
∞∑

n=0

Yn (λ)
Dn

= 2λ2

(1 − λ + λ2)2
− 2

1 − λ + λ2 . (36)

On the other hand, we have
∞∑

n=0

Dn

Yn (λ) =
∞∑

n=0

(−1)n n!
n + 1

λ− 1
(−1)n 2 · n!

(
λ− 1
λ2

)n

= λ− 1
2

∞∑
n=0

1
n + 1

(
λ− 1
λ2

)n

= −λ2

2

∞∑
n=0

(−1)n

n + 1

(
1 − λ

λ2

)n+1

,

which leads us to the following result.

Theorem 16. The following sum holds true:

∞∑
n=0

Dn

Yn (λ) = −λ2

2 log
(

1 + 1 − λ

λ2

)
.

Remark 3. In the special case when λ = −1, Theorem 16 yields

∞∑
n=0

Dn

Yn (−1) = − log 2
2 .

Remark 4. Since
∞∑ Ln

n · 2n = 2 log 2,

n=1
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where Ln are the Lucas numbers (cf. [22, p. 7]), we find from Remark 3 that

∞∑
n=1

(
Dn

Yn (−1) + Ln

n · 2n+2

)
= 1.

Thirdly, let us give series including quotients of the Changhee numbers and the num-
bers Yn (λ). We begin by observing that

∞∑
n=0

Yn (λ)
Chn

=
∞∑

n=0

(−1)n 2 · n!
λ− 1

(
λ2

λ− 1

)n 2n

(−1)n n!

= 2
λ− 1

∞∑
n=0

2n
(

λ2

λ− 1

)n

.

Assuming that ∣∣∣∣ λ2

λ− 1

∣∣∣∣ < 1
2 ,

we thus obtain the following result.

Theorem 17. Let ∣∣∣∣ λ2

λ− 1

∣∣∣∣ < 1
2 .

Then
∞∑

n=0

Yn (λ)
Chn

= 2
λ− 1 − 2λ2 . (37)

Finally, we establish the identities given by Theorem 18 below.

Theorem 18. Let ∣∣∣∣λ− 1
2λ2

∣∣∣∣ < 1.

Then each of the following sums holds true:

∞∑
n=0

Chn

Yn (λ) = λ2 (λ− 1)
2λ2 − λ + 1 (38)

and
∞∑

n=0

Chn

Dn
= 4. (39)
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Proof. If we consider

∞∑
n=0

Chn

Yn (λ) =
∞∑

n=0

(−1)n n!
2n

λ− 1
2 (−1)n n!

(
λ− 1
λ2

)n

= λ− 1
2

∞∑
n=0

(
λ− 1
2λ2

)n

,

then we get the assertion (38) of Theorem 18.
Next, in order to derive infinite series in (39) involving the quotient of the Changhee 

numbers and the Daehee numbers, we observe that

∞∑
n=0

Chn

Dn
=

∞∑
n=0

(−1)n n!
2n

n + 1
(−1)n n!

= 2
∞∑

n=0

n + 1
2n+1 ,

which is precisely the assertion (39) of Theorem 18. �
4.4. Further remarks concerning the numbers Yn (λ) and the Humbert polynomials

In this subsection, we give various relations between infinite series obtained in the 
previous section and the Humbert polynomials.

Remark 5. By rewriting the right-hand side of the equation (36) in terms of the Humbert 
polynomials, we find that

∞∑
n=0

Yn (λ)
Dn

= 2λ2
∞∑

n=0
Π(2)

n,2

(
1
2

)
λn − 2

∞∑
n=0

Π(1)
n,2

(
1
2

)
λn. (40)

Remark 6. By rewriting the right-hand side of the equations (37) and (38) in terms of 
the generalized Humbert polynomials, we are led to the following results:

∞∑
n=0

Yn (λ)
Chn

= −2
∞∑

n=0
Pn

(
2, 1

2 , 2,−1, 1
)
λn (41)

and

∞∑
n=0

Chn

Yn (λ) = λ2 (λ− 1)
∞∑

n=0
Pn

(
2, 1

2 , 2,−1, 1
)
λn. (42)
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5. Concluding remarks and observations

In the present paper, we have investigated some derivative properties of the generat-
ing functions for the numbers Yn (λ) and the polynomials Yn(x; λ), which were recently 
introduced by Simsek [30]. We have given functional equations and differential equations 
(PDEs) of these generating functions. By using these functional and differential equa-
tions, we have derived not only recurrence relations, but also several other identities 
and relations for these numbers and polynomials. Our identities include the Apostol–
Bernoulli numbers, the Apostol–Euler numbers, the Stirling numbers of the first kind, 
the Cauchy numbers and the Hurwitz–Lerch zeta function. Moreover, we have given 
hypergeometric function representation for an integral involving some of these numbers 
and polynomials. Finally, we have derived infinite series representations of the numbers 
Yn (λ), the Changhee numbers, the Daehee numbers, the Lucas numbers and the Hum-
bert polynomials. We have also considered various (known or new) special cases and 
consequences of some of the main results which we have derived in this paper.

References

[1] T.M. Apostol, On the Lerch zeta function, Pacific J. Math. 1 (1951) 161–167.
[2] N.P. Cakić, G.V. Milovanović, On generalized Stirling numbers and polynomials, Math. Balkanica 

18 (2004) 241–248.
[3] J. Choi, H.M. Srivastava, Certain families of series associated with the Hurwitz–Lerch Zeta function, 

Appl. Math. Comput. 170 (2005) 399–409.
[4] J. Choi, D.S. Jang, H.M. Srivastava, A generalization of the Hurwitz–Lerch Zeta function, Integral 

Transforms Spec. Funct. 19 (2008) 65–79.
[5] R. Dere, Y. Simsek, H.M. Srivastava, A unified presentation of three families of generalized Apostol 

type polynomials based upon the theory of the umbral calculus and the umbral algebra, J. Number 
Theory 133 (2013) 3245–3263.

[6] G.B. Djordjević, G.V. Milovanović, Special Classes of Polynomials, University of Niš, Faculty of 
Technology Leskovac, 2014.

[7] B.S. El-Desouky, A. Mustafa, New results and matrix representation for Daehee and Bernoulli 
numbers and polynomials, Appl. Math. Sci. (Ruse) 9 (2015) 3593–3610.

[8] H.W. Gould, Inverse series relations and other expansions involving Humbert polynomials, Duke 
Math. J. 32 (1965) 697–711.

[9] P. Humbert, Some extensions of Pincherle’s polynomials, Proc. Edinb. Math. Soc. 39 (1920) 21–24.
[10] C. Jordan, Calculus of Finite Differences, second edition, Chelsea Publishing Company, New York, 

1950.
[11] T. Kim, q-Euler numbers and polynomials associated with p-adic q-integral and basic q-zeta function, 

Trend Math. Inform. Center Math. Sci. 9 (2006) 7–12.
[12] D.S. Kim, T. Kim, Daehee numbers and polynomials, Appl. Math. Sci. (Ruse) 7 (2013) 5969–5976.
[13] D.S. Kim, T. Kim, A note on Boole polynomials, Integral Transforms Spec. Funct. 25 (2014) 

627–633.
[14] T. Kim, D.S. Kim, T. Mansour, S.-H. Rim, M. Schork, Umbral calculus and Sheffer sequences of 

polynomials, J. Math. Phys. 54 (2013) 083504, pp. 1–15.
[15] D.S. Kim, T. Kim, J. Seo, A note on Changhee numbers and polynomials, Adv. Stud. Theoret. 

Phys. 7 (2013) 993–1003.
[16] T. Kim, D.V. Dolgy, D.S. Kim, J.J. Seo, Differential equations for Changhee polynomials and their 

applications, J. Nonlinear Sci. Appl. 9 (2016) 2857–2864.
[17] T. Kim, D.S. Kim, D.V. Dolgy, J.-J. Seo, Bernoulli polynomials of the second kind and their 

identities arising from umbral calculus, J. Nonlinear Sci. Appl. 9 (2016) 860–869.
[18] Q.-M. Luo, Apostol–Euler polynomials of higher order and Gaussian hypergeometric functions, 

Taiwanese J. Math. 10 (2006) 917–925.

http://refhub.elsevier.com/S0022-314X(17)30210-X/bib61706F73746F6Cs1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib47726164696D6972s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib47726164696D6972s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib43686F695372697661737461766132303035s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib43686F695372697661737461766132303035s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib43686F694A616E6753726932303038s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib43686F694A616E6753726932303038s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5333s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5333s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5333s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4472616A6F766963s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4472616A6F766963s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4465736F756B79444145484545s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4465736F756B79444145484545s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib476F756C64s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib476F756C64s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib48756D62657274s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4A6F7264616E31393530s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4A6F7264616E31393530s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D32303036544D4943s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D32303036544D4943s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib44536B696D446165686565s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib44534B494D426F6F6C65s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib44534B494D426F6F6C65s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D4D616E736F7572s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D4D616E736F7572s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib44536B696D32s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib44536B696D32s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D4368616E67686565446966s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D4368616E67686565446966s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D323031364265726E6F756C6C32s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4B696D323031364265726E6F756C6C32s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756F45756C6572s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756F45756C6572s1


146 H.M. Srivastava et al. / Journal of Number Theory 181 (2017) 117–146
[19] Q.-M. Luo, H.M. Srivastava, Some generalizations of the Apostol–Bernoulli and Apostol–Euler 
polynomials, J. Math. Anal. Appl. 308 (2005) 290–302.

[20] Q.-M. Luo, H.M. Srivastava, Some relationships between the Apostol–Bernoulli and Apostol–Euler 
polynomials, Comput. Math. Appl. 51 (2006) 631–642.

[21] Q.M. Luo, H.M. Srivastava, Some generalizations of the Apostol–Genocchi polynomials and the 
Stirling numbers of the second kind, Appl. Math. Comput. 217 (2011) 5702–5728.

[22] I. Mezö, Several generating functions for second-order recurrence sequences, J. Integer Seq. 12 (2009) 
09.3.7, pp. 1–16.

[23] G.V. Milovanović, G.B. Djordević, On some properties of Humbert’s polynomials. I, Fibonacci 
Quart. 25 (1987) 356–360;
G.V. Milovanović, G.B. Djordević, On some properties of Humbert’s polynomials. II, Facta Univ. 
Ser. Math. Inform. 6 (1991) 23–30.

[24] G. Özdemir, Y. Simsek, G.V. Milovanović, Generating functions for special polynomials and num-
bers including Apostol-type and Humbert-type polynomials, Mediterr. J. Math. 14 (2017) 1–17, 
Article ID 117.

[25] H. Özden, Y. Simsek, H.M. Srivastava, A unified presentation of the generating functions of the 
generalized Bernoulli, Euler and Genocchi polynomials, Comput. Math. Appl. 60 (2010) 2779–2787.

[26] F. Qi, Explicit formulas for computing Bernoulli numbers of the second kind and Stirling numbers 
of the first kind, Filomat 28 (2014) 319–327.

[27] S. Roman, The Umbral Calculus, Dover Publications Incorporated, New York, 2005.
[28] Y. Simsek, Generating functions for generalized Stirling type numbers, array type polynomials, 

Eulerian type polynomials and their applications, Fixed Point Theory Appl. 87 (2013) 343–355.
[29] Y. Simsek, Apostol type Daehee numbers and polynomials, Adv. Stud. Contemp. Math. 26 (3) 

(2016) 1–12.
[30] Y. Simsek, Construction of some new families of Apostol-type numbers and polynomials via Dirichlet 

character and p-adic q-integrals, Turkish J. Math. (2017), http://dx.doi.org/10.3906/mat-1703-114, 
in press.

[31] Y. Simsek, Identities on the Changhee numbers and Apostol–Daehee polynomials, Adv. Stud. Con-
temp. Math. 27 (2) (2017) 199–212.

[32] H.M. Srivastava, Some formulas for the Bernoulli and Euler polynomials at rational arguments, 
Math. Proc. Cambridge Philos. Soc. 129 (2000) 77–84.

[33] H.M. Srivastava, Some generalizations and basic (or q-) extensions of the Bernoulli, Euler and 
Genocchi polynomials, Appl. Math. Inform. Sci. 5 (2011) 390–444.

[34] H.M. Srivastava, Riemann, Hurwitz and Hurwitz–Lerch Zeta functions and associated series and 
integrals, in: Panos M. Pardalos, Themistocles M. Rassias (Eds.), Essays in Mathematics and Its 
Applications (In Honor of Stephen Smale’s 80th Birthday), Springer-Verlag, Berlin, Heidelberg, 
New York, 2012, pp. 431–461.

[35] H.M. Srivastava, J. Choi, Series Associated with the Zeta and Related Functions, Kluwer Academic 
Publishers, Dordrecht, Boston, London, 2001.

[36] H.M. Srivastava, J. Choi, Zeta and q-Zeta Functions and Associated Series and Integrals, Elsevier 
Science Publishers, Amsterdam, London, New York, 2012.

[37] H.M. Srivastava, H.L. Manocha, A Treatise on Generating Functions, Halsted Press (Ellis Horwood 
Limited, Chichester), John Wiley and Sons, New York, Chichester, Brisbane, Toronto, 1984.

[38] H.M. Srivastava, T. Kim, Y. Simsek, q-Bernoulli numbers and polynomials associated with multiple 
q-zeta functions and basic L-series, Russian J. Math. Phys. 12 (2005) 241–268.

[39] H.M. Srivastava, M.A. Özarslan, C. Kaanoğlu, Some generalized Lagrange-based Apostol–Bernoulli, 
Apostol–Euler and Apostol–Genocchi polynomials, Russian J. Math. Phys. 20 (2013) 110–120.

http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756F5372697661737461766145756C657231s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756F5372697661737461766145756C657231s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756F5372697661737461766145756C6572s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756F5372697661737461766145756C6572s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756Fs1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4C756Fs1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4D657A6F32303039s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4D657A6F32303039s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4D696E6F76616E6F76696348756D62657274s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4D696E6F76616E6F76696348756D62657274s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4D696E6F76616E6F76696348756D62657274s2
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4D696E6F76616E6F76696348756D62657274s2
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4F7A64656D69724D696C6F76616E6F76696332303137s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4F7A64656D69724D696C6F76616E6F76696332303137s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib4F7A64656D69724D696C6F76616E6F76696332303137s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5332s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5332s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5169s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5169s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib526F6D616Es1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib53696D73656B46505441s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib53696D73656B46505441s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib7973696D73656B4173636Ds1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib7973696D73656B4173636Ds1
http://dx.doi.org/10.3906/mat-1703-114
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib73696D73656B323031376173636Ds1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib73696D73656B323031376173636Ds1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176615959s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176615959s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5372697661737461766132303131s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5372697661737461766132303131s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176614368617074s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176614368617074s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176614368617074s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176614368617074s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5331s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib5331s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib53726976617461766143686F69s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib53726976617461766143686F69s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176614D616E6F636861s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib537269766173746176614D616E6F636861s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib7372697661733138s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib7372697661733138s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib737269766173746176615931s1
http://refhub.elsevier.com/S0022-314X(17)30210-X/bib737269766173746176615931s1

	Partial differential equations for a new family of numbers and polynomials unifying the Apostol-type numbers and the Apostol-type polynomials
	1 Introduction and preliminaries
	2 Partial derivatives of the generating function F( t,x,λ) 
	3 Identities related to the PDEs for the generating function F( t,x,λ) 
	4 Identities and relations associated with Yn( λ)  and Yn( x;λ) 
	4.1 Identities for the numbers Yn( λ)  involving the Apostol-Bernoulli numbers and the Apostol-Euler numbers
	4.2 Hypergeometric function representations for the integrals of the numbers Yn(λ) and the polynomials Yn(x;λ)
	4.3 Inﬁnite series representations involving the numbers Yn( λ) 
	4.4 Further remarks concerning the numbers Yn( λ)  and the Humbert polynomials

	5 Concluding remarks and observations
	References


